In an inhomogeneous magnetised plasma the transport of energy and particles perpendicular to the magnetic field is in general mainly caused by quasi two-dimensional turbulent fluid mixing. The physics of turbulence and structure formation is of ubiquitous importance to every magnetically confined laboratory plasma for experimental or industrial application. Specifically, high temperature plasmas for fusion energy research are also dominated by the properties of this turbulent transport. Self-organisation of turbulent vortices to mesoscopic structures like zonal flows is related to the formation of transport barriers that can significantly enhance the confinement of a fusion plasma. This subject of great importance in research is rarely touched on in introductory plasma physics or continuum dynamics courses. Here a brief tutorial on 2D fluid and plasma turbulence is presented as an introduction to the field, appropriate for inclusion in undergraduate and graduate courses.
I. INTRODUCTION
Turbulence is a state of spatio-temporal chaotic flow generically attainable for fluids with access to a sufficient source of free energy. A result of turbulence is enhanced mixing of the fluid which is directed towards a reduction of the free energy. Mixing typically occurs by formation of vortex structures on a large range of spatial and temporal scales, that span between system, energy injection and dissipation scales [1] [2] [3] .
Fluids comprise the states of matter of liquids, gases and plasmas [4] . A common free energy source that can drive turbulence in neutral (or more precisely: non-conducting) fluids is a strong enough gradient (or "shear") in flow velocity, which can lead to vortex formation by Kelvin-Helmholtz instability. Examples for turbulence occuring from this type of instability are forced pipe flows, where a velocity shear layer is developing at the wall boundary, or a fast jet streaming into a stationary fluid. Another source of free energy is a thermal gradient in connection with an aligned restoring force (as in liquids heated from below in a gravity field) that leads to Rayleigh-Benard convection [5] .
Several routes for the transition from laminar flow to turbulence in fluids have been proposed. For example, in some specific cases the Ruelle-Takens scenario occurs, where by linear instability through a series of a few period doubling bifurcations a final nonlinear transition to flow chaos is observed when a control parameter (like the gradient of velocity or temperature) is increased [6] . For other scenarios, like in pipe flow, a sudden direct transition by subcritical instability to fully developed turbulence or an intermittent transition are possible [7, 8] .
The complexity of the flow dynamics is considerably enhanced in a plasma compared to a non-conducting fluid. A plasma is a macroscopically neutral gas composed of many electrically charged particles that is essentially determined by collective degrees of freedom [9, 10] . Space and laboratory plasmas are usually composed of positively charged ions and negatively charged electrons that are dynamically coupled by electromagnetic forces.
Thermodynamic properties are governed by collisional equilibration and conservation laws like in non-conducting fluids. The additional long-range collective interaction by spatially and temporally varying electric and magnetic fields allows for rich dynamical behaviour of plasmas with the possibility for complex flows and structure formation in the presence of various additional free energy sources [11] . The basic physics of plasmas in space, laboratory and fusion experiments is introduced in detail in a variety of textbooks (e.g. in Refs. [12] [13] [14] ).
Although the dynamical equations for fluid and plasma flows can be conceptually simple, they are highly nonlinear and involve an infinite number of degrees of freedom [15] . Analytical solutions are therefore in general impossible. The description of fluid and plasma dynamics mainly relies on statistical and numerical methods.
II. CONTINUUM DYNAMICAL THEORY OF FLUIDS AND PLASMAS
Computational models for fluid and plasma dynamics may be broadly classified into three major categories:
• (1) Microscopic models: many body dynamical description by ordinary differential equations and laws of motion;
• (2) Mesoscopic models: statistical physics description (usually by integro-differential equations) based on probability theory and stochastic processes;
• (3) Macroscopic models: continuum description by partial differential equations based on conservation laws for the distribution function or its fluid moments.
Examples of microscopic models are Molecular Dynamics (MD) methods for neutral fluids that model motion of many particles connected by short range interactions [16] , or Particle-In-Cell (PIC) methods for plasmas including electromagnetic forces [17, 18] . Such methods become important when relevant microscopic effects are not covered by the averaging procedures used to obtain meso-or macroscopic models, but they usually are intrinsical computationally expensive.
Complications result from multi-particle or multi-scale interactions. Mesoscopic modelling treats such effects on the dynamical evolution of particles (or modes) by statistical assumptions on the interactions [19] .
These may be implemented either on the macroscale as spectral fluid closure schemes like, for example, in the Direct Interaction Approximation (DIA), or on the microscale as advanced collision operators like in Fokker-Planck models. An example of a mesoscopic computational model for fluid flow is the Lattice Boltzmann Method (LBM) that combines free streaming particle motion by a minimalistic discretisation in velocity space with suitable models for collision operators in such a way that fluid motion is recovered on macroscopic scales.
Macroscopic models are based on the continuum description of the kinetic distribution function of particles in a fluid, or of its hydrodynamic moments. The continuum modelling of fluids and plasmas is introduced in more detail below.
Computational methods for turbulence simulations have been developed within the framework of all particle, mesoscopic or continuum models. Each of the models has both advantages and disadvantages in their practical numerical application. The continuum approach can be used in situations where discrete particle effects on turbulent convection processes are negligible. This is to some approximation also the case for many situations and regimes of interest in fusion plasma experiments that are dominated by turbulent convective transport, in particular at the (more collisional) plasma edge.
Within the field of Computational Fluid Dynamics the longest experience and broadest applications have been obtained with continuum methods [20] . Many numerical continuum methods that were originally developed for neutral fluid simulation have been straightforwardly applied to plasma physics problems [21] .
In continuum kinetics, the time evolution of the single-particle probability distribution function f (x, v, t) for particles of each species (e.g. electrons and ions in a plasma) in the presence of a mean force field F(x, t) and within the binary collision approximation (modelled by an operator C) is described by the Boltzmann equation [22] 
(1)
In a plasma the force field has to be self-consistently determined by solution of the Maxwell equations. Usually, kinetic theory and computation for gas and plasma dynamics make use of further simplifying approximations that considerably reduce the complexity: in the Vlasov equation binary collisions are neglected (C = 0), and in the drift-kinetic or gyrokinetic plasma equations further reducing assumptions are taken about the time and space scales under consideration.
The continuum description is further simplified when the fluid can be assumed to be in local thermodynamic equilibrium. Then a hierarchical set of hydrodynamic conservation equations is obtained by construction of moments over velocity space [23, 24] . In lowest orders of the infinite hierarchy, the conservation equations for mass density n(x, t), momentum nu(x, t) and energy density E(x, t) are obtained. Any truncation of the hierarchy of moments requires the use of a closure scheme that relates quantities depending on higher order moments by a constitutive relation to the lower order field quantities.
An example of a continuum model for neutral fluid flow are the Navier-Stokes equations.
In their most widely used form (in particular for technical and engineering applications) the assumptions of incompressible divergence free flow (i.e., n is constant on particle paths) and of an isothermal equation of state are taken [25] .
Then the description of fluid flow can be reduced to the solution of the (momentum)
Navier-Stokes equation
under the constraints given by
and by boundary conditions. Most numerical schemes for the Navier-Stokes equation require solution of a Poisson type equation for the normalised scalar pressure P = p/ρ 0 in order to guarantee divergence free flow.
The character of solutions for the Navier-Stokes equation intrinsically depends on the ratio between the dissipation time scale (determined by the kinematic viscosity ν) and the mean flow time scale (determined by the system size L and mean velocity U), specified by the Reynolds number
For small values of R e the viscosity will dominate the time evolution of u(x) in the NavierStokes equation, and the flow is laminar. For higher R e the advective nonlinearity is dominant and the flow can become turbulent. The Rayleigh number has a similar role for the onset of thermal convective turbulence [6] .
III. DRIFT-REDUCED TWO-FLUID EQUATIONS FOR PLASMA DYNAMICS
Flow instabilities as a cause for turbulence, like those driven by flow shear or thermal convection, do in principle also exist in plasmas similar to neutral fluids [26] , but are in general found to be less dominant in strongly magnetised plasmas. The most important mechanism which results in turbulent transport and enhanced mixing relevant to confinement in magnetised plasmas [27] [28] [29] is an unstable growth of coupled wave-like perturbations in plasma pressurep and electric fieldsẼ. The electric field forces a flow with the ExB ("E-cross-B") drift velocity
of the plasma perpendicular to the magnetic field B. A phase shift, caused by any inhibition of a fast parallel Boltzmann response of the electrons, between pressure and electric field perturbation in the presence of a pressure gradient can lead to an effective transport of plasma across the magnetic field and to an unstable growth of the perturbation amplitude.
Nonlinear self-advection of the ExB flow and coupling between perturbation modes ("drift waves") can finally lead to a fully developed turbulent state with strongly enhanced mixing.
A generic source of free energy for magnetised laboratory plasma turbulence resides in the pressure gradient: in the core of a magnetic confinement region both plasma density and temperature are usually much larger than near the bounding material wall, resulting in a pressure gradient directed inwards to the plasma center. Instabilities which tap this free energy tend to lead to enhanced mixing and transport of energy and particles down the gradient [30] . For magnetically confined fusion plasmas, this turbulent convection by ExB drift waves often dominates collisional diffusive transport mechanisms by orders of magnitude, and essentially determines energy and particle confinement properties [31, 32] .
The drift wave turbulence is regulated by formation of mesoscopic streamers and zonal structures out of the turbulent flows [33] .
Continuum models for drift wave turbulence have to capture the different dynamics of electrons and ions parallel and perpendicular to the magnetic field and the coupling between both species by electric and magnetic interactions [34, 35] . Therefore, a single-fluid magnetohydrodynamic (MHD) model can not appropriately describe drift wave dynamics: one has to refer to a set of two-fluid equations, treating electrons and ions as separate species, although the plasma on macroscopic scales remains quasi-neutral with nearly identical ion and electron density, n i ≈ n e ≡ n.
The two-fluid equations require quantities like collisional momentum exchange rate, pressure tensor and heat flux to be expressed by hydrodynamic moments based on solution of a kinetic (Fokker-Planck) model. The most widely used set of such fluid equations has been derived by Braginskii [36] and is e.g. presented in brief in Ref. [37] .
The most general continuum descriptions for the plasma species, based either on the kinetic Boltzmann equation or on the hydrodynamic moment approach like in the Braginskii equations, are covering all time and space scales, including detailed gyro-motion of particles around the magnetic field lines, and the fast plasma frequency oscillations. From experimental observation it is on the other hand evident [38] [39] [40] [41] [42] , that the dominant contributions to turbulence and transport in magnetised plasmas originate from time and space scales that are associated with frequencies in the order the drift frequency
are much lower than the ion gyro-frequency Ω i = q i B/M i by the ratio between drift scale
Under these assumptions one can apply a "drift ordering" based on the smallness of the order parameter δ = ω/Ω i ≪ 1. This can be introduced either on the kinetic level, resulting in the drift-kinetic model, or on the level of two-fluid moment equations for the plasma, resulting in the "drift-reduced two-fluid equations", or simply called "drift wave equations" [29, 43, 44] : neglect of terms scaling with δ in higher powers than 2 considerably simplifies both the numerical and analytical treatment of the dynamics, while retaining all effects of the perpendicular drift motion of guiding centers and nonlinear couplings that are necessary to describe drift wave turbulence.
For finite ion temperature, the ion gyro-radius 
Although the gyro-motion is still fast compared to turbulent time scales, the ion orbit then is of similar size as spatial variations of the fluctuating electrostatic potential. Finite gyroradius (or "finite Larmor radius", FLR) effects are captured by appropriate averaging procedures over the gyrating particle trajectory and modification of the polarisation equation, resulting in "gyrokinetic" or "gyrofluid models" for the plasma.
IV. TURBULENT VORTICES AND MEAN FLOWS
The prevalent picture of drift wave turbulence is that of small-scale, low-frequency ExB vortices in the size of several gyro-radii, that determine mixing and transport of the plasma perpendicular to the magnetic field across these scales.
Beyond that, turbulence in magnetised plasmas exhibits large-scale structure formation that is linked to this small-scale eddy motion: The genesis of mean zonal flow structures out of an initially nearly homogeneous isotropic vortex field and the resulting shear-flow suppression of the driving turbulence is a particular example of a self-organising regulation process in a dynamical system [27, [45] [46] [47] [48] [49] [50] [51] . The scale of these macroscopic turbulent zonal flows is that of the system size, setting up a radially localised differential ExB rotation of the whole plasma on an entire toroidal flux surface.
Moreover, the process of self-organisation to zonal flow structures is thought to be a main ingredient in the still unresolved nature of the L-H transition in magnetically confined toroidal plasmas for fusion research [52] . The L-H transition is experimentally found to be a sudden improvement in the global energy content of the fusion plasma from a low to high (L-H) confinement state when the central heat source power is increased above a certain threshold [53] [54] [55] [56] . The prospect of operation in a high confinement H-mode is one of the main requirements for successful performance of fusion experiments like ITER.
The mechanism for spin-up of zonal flows in drift wave turbulence is a result of the quasi two-dimensional nature of the nonlinear ExB dynamics, in connection with the double periodicity and parallel coupling in a toroidal magnetised plasma. The major difference can be discerned by introducing the vorticity
and taking the curl of the Navier-Stokes Eq. (2) to get the vorticity equation Drift wave turbulence in magnetised plasmas also has basically a 2D character and exhibits zonal structure formation in the poloidally and toroidally periodic domain on magnetic flux surfaces of a torus. These zonal plasma flows have finite radial extension and constitute a differential, sheared rotation of the whole plasma on flux surfaces.
VI. TURBULENCE IN MAGNETISED PLASMAS
Drift wave turbulence is nonlinear, non-periodic motion involving disturbances on a background thermal gradient of a magnetised plasma and eddies of fluid like motion in which the advecting velocity of all charged species is the ExB velocity. The disturbances in the electric field E implied by the presence of these eddies are caused by the tendency of the electron dynamics to establish a force balance along the magnetic field B.
Pressure disturbances have their parallel gradients balanced by a parallel electric field, whose static part is given by the parallel gradient of the electrostatic potential. This potential in turn is the stream function for the ExB velocity in drift planes, which are locally perpendicular to the magnetic field. The turbulence is driven by the background gradient, and the electron pressure and electrostatic potential are coupled together through parallel currents. Departures from the static force balance are mediated primarily through electromagnetic induction and resistive friction, but also the electrons inertia, which is not negligible.
The dynamical character of cross-field ExB drift wave turbulence in the edge region of a tokamak plasma is governed by this electromagnetic and dissipative effects in the parallel response.
The most basic drift-Alfvén (DALF) model to capture the drift wave dynamics includes nonlinear evolution equations of three fluctuating fields: the electrostatic potentialφ, electromagnetic potentialÃ || , and densityñ. The tokamak edge usually features a more or less pronounced density pedestal, and the dominant contribution to the free energy drive to the turbulence by the inhomogeneous pressure background is thus due to the density gradient.
On the other hand, a steep enough ion temperature gradient (ITG) does not only change the turbulent transport quantitatively, but adds new interchange physics into the dynamics.
In addition, more field quantities have to be treated: parallel and perpendicular temperatures T andT ⊥ and the associated parallel heat fluxes, for a total of six moment variables for each species. Finite Larmor radius effects introduced by warm ions require a gyrofluid description of the turbulence equations.
Both the resistive DALF and the ITG models can be covered by using the six-moment electromagnetic gyrofluid model GEM by Scott [67] , but for basic studies it is also widely used in its more economical two-moment version for scenarios where the DALF model is applicable [68] . The gyrofluid model is based upon a moment approximation of the underlying gyrokinetic equation.
The first complete six-moment gyrofluid formulation was given for slab geometry by Dorland et al. [69] , and later extended by Beer et al. to incorporate toroidal effects [70] using a ballooning-based form of flux surface geometry [71] .
Electromagnetic induction and electron collisionality were then included to form a more general gyrofluid for edge turbulence by Scott [72] , with the geometry correspondingly replaced by the version from the edge turbulence work, which does not make ballooning assumptions and in particular represents slab and toroidal mode types equally well and does not require radial periodicity [73] . Energy conservation considerations were solidified first for the two-moment version [68] , and recently for the six-moment version in Ref. [67] .
VII. BASIC DRIFT WAVE INSTABILITY
Destabilization of the ExB drift waves occurs when the parallel electron dynamics deviates from a fast "adiabatic" response to potential perturbations, resulting in a phase shift between the density and potential fluctuations. In this section the basic linear instability mechanism is discussed in the most basic electrostatic, cold ion limit for a straight magnetic field. is much larger than the Debye length λ D , so that quasi neutrality n i ≈ n e ≡ n can be assumed.
In accordance with the stationary parallel electron momentum balance equation
withp e =ñ e T e , the isothermal electrons try to locally establish along the field line a Boltzmann relation n e = n 0 (r) exp(eφ/T e ). Under quasi neutrality n i =n e =n 0 (r)+ñ e , where n 0 (r)
is the (in general radially varying) background density.
Without restrictions on the parallel electron dynamics (like e.g. due to collisions, Alfvén waves or kinetic effects like Landau damping and particles trapped in magnetic field inhomogeneities) this balance is established instantaneously on the drift time scale and is usually termed an "adiabatic response".
Already at homogeneous background density the perturbation convects the plasma with the ExB drift velocity v ⊥ = v ExB = (B −2 )Ẽ × B equal for electrons and ions. When a perpendicular background pressure gradient ∇p is present, the perturbed structure propagates in the electron diamagnetic drift direction ∼ ∇p × B.
In the continuity equation
for cold ions in a homogeneous magnetic field and by neglecting ion inertia the only contribution to the velocity is the perpendicular ExB drift velocity v E = −B −2 (∇φ × B). Using the Boltzmann relation in Eq. (14) one gets
and due to the straight B = Be it is obtained:
Assuming a perturbation periodical in the electron diamagnetic drift coordinate θ with φ =Φ exp[−iωt + ik θ θ], the electron drift wave frequency is found to be
Here the density gradient length L n = (∂ r ln n 0 ) −1 and the drift scale ρ s = √ m i T e /(eB),
representing an ion radius at electron temperature, have been introduced.
The motion of the perturbed structure perpendicular to magnetic field and pressure gradient in the electron diamagnetic drift direction k θ ∼ ∇p × B is in this approximation still stable and does so far not cause any transport down the gradient. The drift wave is destabilized only when a phase shift δ k between potential and density perturbation is introduced by "non-adiabatic" electron dynamics
The imaginary term iδ k in general is an anti-hermitian operator and describes dissipation of Transition from stable drift waves to turbulence has been studied experimentally in linear and simple toroidal magnetic field configurations, and by direct numerical simulation.
Experimental investigations in a magnetized low-beta plasma with clindrical geometry by Klinger et al. have demonstrated that the spatiotemporal dynamics of interacting destabilised travelling drift wave follows a bifurcation sequence towards weakly developed turbulence according to the Ruelle-Takens-Newhouse scenario [74] . The relationship between observations made in linear magnetic geometry, purely toroidal geometry and magnetic confinement is discussed in Ref. [75] , where the role of large-scale fluctuation structures has been highlighted. The role of parallel electron dynamics and Alfvén waves for coherent drift modes and drift wave turbulence have been studied in a collisionality dominated high-density helicon plasma [76] . Measurements of the phase coupling between spectral components of interchange unstable drift waves at different frequencies in a basic toroidal magnetic field configuration have indicated that the transition from a coherent to a turbulent spectrum is mainly due to three-wave interaction processes [77] .
The competition between drift wave and interchange physics in ExB drift turbulence has been studied computationaly in tokamak geometry with respect to the linear and nonlinear mode structure by Scott [78] . A quite remarkable aspect of fully developed drift wave turbulence in a sheared magnetic field lying in closed surfaces is its strong nonlinear character, which can be self-sustaining even in the absence of linear instabilities [79] . This situation of self-sustained plasma turbulence does not have any analogy in neutral fluid dynamics and, as shown in numerical simulations by Scott, is mostly applicable to tokamak edge turbulence, where linear forcing is low enough so that the nonlinear physics can efficiently operate [80] .
VIII. DRIFT-ALFVÉN TURBULENCE SIMULATIONS FOR FUSION PLASMAS
The model DALF3 by Scott [80] , in the cold ion approximation without gyrofluid FLR corrections, represents the four field version of the dissipative drift-Alfvén equations, with disturbances (denoted by the tilde) in the ExB vorticityΩ, electron pressurep e , parallel currentJ , and parallel ion velocityũ as dependent variables. The equations are derived under gyro/drift ordering, in a three dimensional globally consistent flux tube geometry [73, 81] , and appear (in cgs units as used in the references) as
with the parallel magnetic potentialÃ given byj = −(c/4π)∇ 2 ⊥ A through Ampere's law, and the vorticityΩ = ∇ 2 ⊥φ . Here, η is the Braginskii parallel resistivity, m e and M i are the electron and ion masses, n is the electron (and ion) density, and T e is the electron temperature with pressure p e = nT e . The dynamical character of the system is further determined by a set of parameters characterising the relative role of dissipative, inertial and electromagnetic effects in addition to the driving by gradients of density and temperature. 
with magnetic field disturbancesB ⊥ = (−1/B)B × ∇Ã as additional nonlinearities, the perpendicular Laplacian
and the curvature operator
The DALF equations constitute the most basic model containing the principal interactions of dissipative drift wave physics in a general closed magnetic flux surface geometry.
The drift wave coupling effect is described by ∇ acting uponp e /p e − eφ/T e andJ , while interchange forcing is described by K acting uponp e andφ [82] . In the case of tokamak edge turbulence, the drift wave effect is qualitatively more important [80] , while the most important role for K is to regulate the zonal flows [83] . Detailed accounts on the role of magnetic field geometry shape in tokamaks and stellarators on plasma edge turbulence can be found in Refs. [84, 85] and [86, 87] , in particular with respect to effects of magnetic field line shear [88] and curvature [89] . The normalised values are similar in edge plasmas of other large tokamaks like JET.
The parameters can be partially obtained even by smaller devices like the torsatron TJ-K at University of Stuttgart [90, 91] , which therefore provides ideal test situations for comparison between simulations and the experiment [92] .
A review and introduction on drift wave theory in inhomogeneous magnetised plasmas has been presented by Horton in Ref. [93] , although its main emphasis is placed on linear
dynamics. An excellent introduction and overview on turbulence in magnetised plasma and its nonlinear properties by Scott can be found in Ref. [94] , and a very detailed survey on drift wave theory with emphasis on the plasma edge is given by Scott in Refs. [95, 96] .
However, no tokamak edge turbulence simulation has yet reproduced the important threshold transition to the high confinement mode known from experimental fusion plasma operation. The possibility to obtain a confinement transition within first principle computations of edge turbulence will have to be studied with models that at least include full temperature dynamics, realistic flux surface geometry, global profile evolution including the equilibrium, and a coupling of edge and SOL regions with realistic sheath boundary conditions. In addition the model still has to maintain sufficient grid resolution, grid deformation mitigation, and energy plus enstrophy conservation in the vortex/flow system. 
